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Abstract

This work investigates the behavior under Moving distributed masses of orthotropic rectangular
plates resting on bi-parametric elastic foundation. The governing equation is a fourth order
partial differential equation with variable and singular co-efficients. The solutions to the problem
are obtained by transforming the fourth order partial differential equation for the problem to
a set of coupled second order ordinary differential equations using the technique of Shadnam
et al[1]. This is then simplified using modified asymptotic method of Struble. The closed form
solution is analyzed, resonance conditions are obtained and the results are presented in plotted
curves for both cases of moving distributed mass and moving distributed force.
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1 Introduction

A plate is a flat structural element for which the thickness is small compared with the surface
dimensions or a plate is a structural element which is thin and flat. By ”thin”, it means that
the plate’s transverse dimension, or thickness, is small in comparison with the length and width
dimensions. That is, the plate thickness is small compared to the other dimensions. A mathematical
expression of this idea is:

Th

L
≪ 1 (1.1)

where ′T ′
h represents the plate’s thickness, and ’L’ represents the length or width dimension. The

thickness of a plate is usually constant but may be variable and is measured normal to the middle
surface of the plate.

Fig. 1. Orthotropic rectangular plate

Plates subjected to in-plane loading can be solved mostly by using two-dimensional plane stress
theory. On the other hand,plate theory is concerned mainly with lateral loading. There are whole
lot of differences between plane stress and plate theory. One of the differences is that in the plate
theory,the stress components are allowed to vary through the thickness of the plate,so that there
would exist bending moments. The vast majority of the world’s bridges with record long spans have
utilized orthotropic steel deck systems as their superstructures.These types of decks have been used
extensively. Approximately 6,000 orthotropic steel deck bridges exist in a world of about six million
bridges. With the growing trend quicker construction practices with an overall longer bridge life.
The other leading benefits of this bridge decking system are the minimization of dead load in the
design and the rapid construction that will lessen the impact on traffic.

Tracing the plate theory to its roots, one travels back to the American revolution time. During
this revolutionary period, several scientists and engineers performed numerous researches on plates.
Euler [2] performed a free vibration analysis of plate problems and indicated the first impetus to a
mathematical statement of plate problems. Chladni [3], a German physicist, performed experiments
on horizontal plates to quantify their vibratory modes. He spattered sand on the plates, struck
them with a hammer, and observed there were regular patterns formed along the nodal lines. In
the works of these great scientists, the flexural rigidity was considered to be constant, D. Bernoulli
[4] then attempted to theoretically justify the experimental results of Chladni using the previously
developed Euler-Bernoulli bending beam theory, but his results were unable to capture the full
dynamics. Malhotra [5] employed the Rayleigh-Ritz method to study vibration of orthotropic square
thin plates with parabolic vibration thickness along one direction. They presented results for four
types of boundary conditions. Ashour [6] examined the flexural vibration of orthotropic plates of
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linearly varying thickness in one direction using the finite strip transition matrix technique. Bert
and Malik [7] studied the free vibration of isotropic and orthotropic rectangular plates of linearly
varying thickness in one direction by the differential quadrature method. Maljaars J Dooren Van
F. and Kolstein M.H [8] examined the fatigue cracks in orthotropic bridge decks. That is to say,
they all treated plates as homogeneous and isotropic materials, that their material properties remain
unchanged in all directions but in reality plates are orthotropic. The same structural effects are also
true of the concrete slab in a composite girder bridge, but the steel orthotropic deck is considerably
lighter, and therefore allows longer span bridges to be more efficiently designed.

The vibration analysis of plates resting on elastic foundation has been the subject of many researches.
Awodola [9] studied the effect of plate parameters on the vibrations under moving masses of
elastically supported plate resting on bi-parametric foundation with stiffness variation. Szekrenyes
[10] investigated the interface fracture in orthotropic composite plates using second order shear
deformation theory. Kadari [11] analyzed buckling in orthotropic nanoscale plates resting on elastic
foundations. Hu and Yao [12] studied the vibration solutions of rectangular orthotropic plates by
symplectic geometry method. In the same vien, Alshaya, Hunt and Rowlands [13] investigated
stresses and strains in thick perforated orthotropic plates. Gbadeyan and Dada [14] found the
natural frequency of rectangular plates traversed by moving concentrated masses. Barlie [15] carried
out the thermo-mechanical morphological study of CFRP in different environmental conditions.
Guo [16, 17] examined the fatigue lif of reinforced concrete beams strengthened with CFRP under
beading load.Hosseini [18] investigated the roadway metallic bridge using non-prestressed bonded
and prestressed unbonded CFRP plate. In the same view, Ju [19] and Li [20] examined the fatigue
life of reinforced and non-prestressed bridge desk under variable amplitude load and different
adhesives. Liang [21] studied the reliability analysis of bond behavior of CFRP concrete under
wet-dry cycles. Xin Yuan [22] also investigated the fatigue performance and life prediction of
CFRP plate. Many researchers had solved orthotropic plate problems by numerical techniques due
to its cumbersomeness, this work aims at solving the governing equation by approximate analytical
techniques and also considers the effect of flexural rigidities in both x and y directions.

2 Governing Equation

The dynamic transverse displacement W (x, y, t) of orthotropic rectangular plates when it is resting
on a bi-parametric elastic foundation and traversed by distributed mass Mr moving with constant
velocity cr along a straight line parallel to the x-axis issuing from point y=s on the y-axis with
flexural rigidities Dx and Dy is governed by the fourth order partial differential equation given as

Dx
∂4

∂x4
W (x, y, t) + 2B

∂4

∂x2∂y2
W (x, y, t) +Dy

∂4

∂y4
W (x, y, t) + µ

∂2

∂t2
W (x, y, t)− ρhR0[

∂4

∂x2∂t2
W (x, y, t) +

∂4

∂y2∂t2
W (x, y, t)

]
+K0W (x, y, t)−G0

[
∂2

∂x2
W (x, y, t) +

∂2

∂y2
W (x, y, t)

]

−
N∑

r=1

[
MrgH(x− ct)H(y − s)−Mr

(
∂2

∂t2
W (x, y, t) + 2cr

∂2

∂x∂t
W (x, y, t) + c2r

∂2

∂x2
W (x, y, t)

)

H(x− crt)H(y − s)W (x, y, t)

]
= 0

(2.1)

where Dx and Dy are the flexural rigidities of the plate along x and y axes respectively.

Dx =
Exh

3

12(1− νxνy)
, Dy =

Eyh
3

12(1− νxνy)
, B = DxDy +

Goh
3

6
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Ex and Ey are the Young’s moduli along x and y axes respectively, Go is the rigidity modulus, νx
and νy are Poisson’s ratios for the material such that Exνy = Eyνx , ρ is the mass density per unit
volume of the plate, h is the plate thickness, t is the time, x and y are the spatial coordinates in
x and y directions respectively, Ro is the rotatory inertia correction factor, Ko is the foundation
constant and g is the acceleration due to gravity, H(.) is the Heaviside function.
Rewriting equation (2.1), one obtains

µ
∂2

∂t2
W (x, y, t) + µω2

nW (x, y, t) = ρhR0

[
∂4

∂x2∂t2
W (x, y, t) +

∂4

∂y2∂t2
W (x, y, t)

]
− 2B

∂4

∂x2∂y2
W (x, y, t)−Dx

∂4

∂x4
W (x, y, t)−Dy

∂4

∂y4
W (x, y, t)−K0W (x, y, t) + µω2

nW (x, y, t)

+G0

[
∂2

∂x2
W (x, y, t) +

∂2

∂y2
W (x, y, t)

]
+

N∑
r=1

[
MrgH(x− crt)H(y − s)−Mr

(
∂2

∂t2
W (x, y, t)

+ 2c
∂2

∂x∂t
W (x, y, t) + c2r

∂2

∂x2
W (x, y, t)

)
H(x− crt)H(y − s)W (x, y, t)

]
(2.2)

which can be expressed further as

∂2

∂t2
W (x, y, t) + ω2

nW (x, y, t) = R0

[
∂4

∂x2∂t2
W (x, y, t) +

∂4

∂y2∂t2
W (x, y, t)

]
− 2B

µ

∂4

∂x2∂y2

W (x, y, t)− Dx

µ

∂4

∂x4
W (x, y, t)− Dy

µ

∂4

∂y4
W (x, y, t) +

[
ω2
n − K0

µ

]
W (x, y, t) +

G0

µ

[
∂2

∂x2

W (x, y, t) +
∂2

∂y2
W (x, y, t)

]
+

N∑
r=1

[
MrgµH(x− crt)

H
(y − s)− Mr

µ

(
∂2

∂t2
W (x, y, t) + 2c

∂2

∂x∂t

∂2

∂x∂t
W (x, y, t) + c2r

∂2

∂x2
W (x, y, t)

)
H(x− crt)H(y − s)W (x, y, t)

]
(2.3)

where ω2
n is the natural frequencies, n = 1, 2, 3, ... The initial conditions, without any loss of

generality, is taken as

W (x, y, t) = 0 =
∂

∂t
W (x, y, t) (2.4)

3 Analytical Approximate Solution

In order to solve equation (2.3), one applies technique of Shadnam et al[19] which requires that the
deflection of the plates be in series form as

W (x, y, t) =

N∑
n=1

Ψn(x, y)Qn(t) (3.1)

where Ψn(x, y) = Ψni(x)Ψnj(y) and

Ψni(x) = sin
νni

Lx
x+Ani cos

νni

Lx
x+Bni sinh

νni

Lx
x+ Cni cosh

νni

Lx
x

Ψni(y) = sin
νnj

Ly
y +Anj cos

νnj

Ly
y +Bnj sinh

νnj

Ly
y + Cnj cosh

νnj

Ly
y (3.2)

67



Awodola and Adeoye; ARJOM, 16(8): 64-92, 2020; Article no.ARJOM.57775

The right hand side of equation (2.3) written in the form of series takes the form

∞∑
n=1

R0

[
∂4

∂x2∂t2
W (x, y, t) +

∂4

∂y2∂t2
W (x, y, t)

]
− 2B

µ

∂4

∂x2∂y2
W (x, y, t)− Dx

µ

∂4

∂x4
W (x, y, t)

− Dy

µ

∂4

∂y4
W (x, y, t+

[
ω2
n − K0

µ

]
W (x, y, t) +

G0

µ

[
∂2

∂x2
W (x, y, t) +

∂2

∂y2
W (x, y, t)

]
+

N∑
r=1

[
MrgµH(x− crt)

H
(y − s)− Mr

µ

(
∂2

∂t2
W (x, y, t) + 2cr

∂2

∂x∂t
W (x, y, t) + c2r

∂2

∂x2

W (x, y, t)

)
H(x− crt)H(y − s)W (x, y, t)

]
=

N∑
n=1

Φn(x, y)σn(t)

(3.3)

On multiplying both sides of equation (3.3) by Ψm(x, y), integrating on area A of the plate and
considering the orthogonality of Ψm(x, y), one obtains

σn(t) =
1

∆

∞∑
n=1

∫
A

[
R0

(
∂4

∂x2∂t2
W (x, y, t) +

∂4

∂y2∂t2
W (x, y, t)

)
− 2B

µ

∂4

∂x2∂y2
W (x, y, t)−

Dx

µ

∂4

∂x4
W (x, y, t)− Dy

µ

∂4

∂y4
W (x, y, t+

(
ω2
n − K0

µ

)
W (x, y, t) +

G0

µ

(
∂2

∂x2
W (x, y, t)

+
∂2

∂y2
W (x, y, t)

)
+

N∑
r=1

[
MrgµH(x− crt)

H
(y − s)− Mr

µ

(
∂2

∂t2
W (x, y, t) + 2cr

∂2

∂x∂t
W (x, y, t) + c2r

∂2

∂x2
W (x, y, t)

)
H(x− crt)H(y − s)W (x, y, t)

]
Φm(x, y)dA

(3.4)

and zero when n ̸= m
where

θ∗ =

∫
A

Ψ2
n(x, y)dA (3.5)

Taking into account equation (2.4) and making use of equations (3.1) and (3.3), equation (3.4) can
be re-written as

Φn(x, y)

[
Q̈n(t) + ω2

nQn(t)

]
=

Φn(x, y)

∆

∞∑
q=1

∫
A

[
R0

(
∂2Φq(x, y)

∂x2
Φm(x, y)Q̈q(t) +

∂2Φq(x, y)

∂y2

Φm(x, y)Q̈q(t)

)
− 2B

µ

∂2Φq(x, y)

∂x2∂y2
Φm(x, y)Qq(t)−

Dx

µ

∂4Φq(x, y)

∂x4
Φm(x, y)Qq(t)−

Dy

µ

∂4Φq(x, y)

∂y4
Φm(x, y)Qq(t) +

(
ω2
n − K0

µ

)
Φq(x, y)Φm(x, y)Qq(t) +

G0

µ

(∂2Φq(x, y)

∂x2
Φm(x, y)

Qq(t) +
∂2Φq(x, y)

∂y2
Φm(x, y)Qq(t)

)
+

N∑
r=1

(
MrgµΦm(x, y)H(x− crt)

H
(y − s)− Mr

µ

(
Φq(x, y)

Φm(x, y)Q̈q(t) + 2cr
∂Φq(x, y)

∂x
Φm(x, y)Q̇q(t) + c2r

∂2Φq(x, y)

∂x2
Φm(x, y)Qq(t)

)
H(x− crt)

H(y − s)

)]
dA

(3.6)
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On further simplification of equation (3.6), one obtains

Q̈n(t) + ω2
nQn(t) =

1

∆

∞∑
q=1

∫
A

[
R0

(
∂2Φq(x, y)

∂x2
Φm(x, y)Q̈q(t) +

∂2Φq(x, y)

∂y2
Φm(x, y)Q̈q(t))

− 2B

µ

∂2Φq(x, y)

∂x2∂y2
Φm(x, y)Qq(t)−

Dx

µ

∂4Φq(x, y)

∂x4
Φm(x, y)Qq(t)−

Dy

µ

∂4Φq(x, y)

∂y4
Φm(x, y)

Qq(t) +

(
ω2
n − K0

µ

)
Φq(x, y)Φm(x, y)Qq(t) +

G0

µ

(∂2Φq(x, y)

∂x2
Φm(x, y)Qq(t) +

∂2Φq(x, y)

∂y2

Φm(x, y)Qq(t)

)
+

N∑
r=1

(
Mrg

µ
Φm(x, y)H(x− crt)H(y − s)− Mr

µ

(
Φq(x, y)Φm(x, y)Q̈q(t)

+ 2cr
∂Φq(x, y)

∂x
Φm(x, y)Q̇q(t) + c2r

∂2Φq(x, y)

∂x2
Φm(x, y)Qq(t)

)
H(x− crt)H(y − s)

)]
dA

which is a set of coupled ordinary differential equations
Using the Fourier series representation, the Heaviside functions take the form

H(x− crt) =
1

4
+

1

π

N∑
r=1

sin(2n+ 1)π(x− crt)

2n+ 1
, 0 < x < 1 (3.7)

H(y − s) =
1

4
+

1

π

N∑
r=1

sin(2n+ 1)π(y − s)

2n+ 1
, 0 < y < 1 (3.8)

On putting equations (3.8) and (3.9) into equation (3.7) and simplifying one obtains

Q̈n(t) + ω2
nQn(t)−

1

∆

∞∑
q=1

[
R0T0Q̈q(t)−

2B

µ
T1Qq(t)−

Dx

µ
T2Qq(t)−

Dy

µ
T3Qq(t)+(

ω2
n − K0

µ

)
T4Qq(t) +

G0

µ
T5Qq(t)−

N∑
r=1

Mr

µ

((
T6 +

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πcrt

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πcrt

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π(
∞∑
j=1

E∗
5
cos(2j + 1)πcrt

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πcrt

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8
sin(2k + 1)πs

2k + 1

))
Q̈q(t) + 2crt

(
T7 +

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πcrt

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πcrt

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13
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cos(2j + 1)πcrt

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πcrt

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇q(t) + c2r

(
T8 +

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πcrt

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πcrt

2j + 1)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πcrt

2j + 1

−
∞∑
j=1

E∗
22

sin(2j + 1)πcrt

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))

Qq(t)

)]
=

∞∑
q=1

N∑
r=1

Mrg

µ∆
Φm(ct)Φm(s)

(3.9)

which is the transformed equation governing the problem of an orthotropic rectangular plate resting
on bi-parametric elastic foundation.
where

T0 =

∫
A

[
∂2

∂x2
Φq(x, y)Φm(x, y) +

∂2

∂y2
Φq(x, y)Φm(x, y)

]
dA (3.10)

T1 =

∫
A

∂2

∂x2

[
∂2

∂x2
Φq(x, y)

]
Φm(x, y)dA (3.11)

T2 =

∫
A

∂4

∂x4

[
Φq(x, y)

]
Φm(x, y)dA (3.12)

T3 =

∫
A

∂4

∂y4

[
Φq(x, y)

]
Φm(x, y)dA (3.13)

T4 =

∫
A

Φq(x, y)Φm(x, y)dA (3.14)

T5 =

∫
A

[
∂2

∂x2
Φq(x, y) +

∂2

∂y2
Φq(x, y)

]
Φm(x, y)dA (3.15)

T6 =
1

16

∫
A

Φq(x, y)Φm(x, y)dA (3.16)

E∗
1 =

∫
A

Φq(x, y)Φm(x, y) sin(2j + 1)πxdA (3.17)

E∗
2 =

∫
A

Φq(x, y)Φm(x, y) cos(2j + 1)πxdA (3.18)

E∗
3 =

∫
A

Φq(x, y)Φm(x, y) sin(2k + 1)πydA (3.19)

E∗
4 =

∫
A

Φq(x, y)Φm(x, y) cos(2k + 1)πydA (3.20)

E∗
5 = E∗

1 , E∗
6 = E∗

2 , E∗
7 = E∗

3 , E∗
8 = E∗

4 (3.21)

T7 =
1

16

∫
A

∂

∂x
Φq(x, y)Φm(x, y)dA (3.22)

E∗
9 =

∫
A

∂

∂x

(
Φq(x, y)

)
Φm(x, y) sin(2j + 1)πxdA (3.23)

70



Awodola and Adeoye; ARJOM, 16(8): 64-92, 2020; Article no.ARJOM.57775

E∗
10 =

∫
A

∂

∂x

(
Φq(x, y)

)
Φm(x, y) cos(2j + 1)πxdA (3.24)

E∗
11 =

∫
A

∂

∂x

(
Φq(x, y)

)
Φm(x, y) sin(2k + 1)πydA (3.25)

E∗
12 =

∫
A

∂

∂x
Φq(x, y)Φm(x, y) cos(2k + 1)πydA (3.26)

E∗
13 = E∗

9 , E∗
14 = E∗

10, E∗
15 = E∗

11, E∗
16 = E∗

12 (3.27)

T8 =
1

16

∫
A

∂2

∂x2

(
Φq(x, y)

)
Φm(x, y)dA (3.28)

E∗
17 =

∫
A

∂2

∂x2

(
Φq(x, y)

)
Φm(x, y) sin(2j + 1)πxdA (3.29)

E∗
18 =

∫
A

∂2

∂x2

(
Φq(x, y)

)
Φm(x, y) cos(2j + 1)πxdA (3.30)

E∗
19 =

∫
A

Φq(x, y)Φm(x, y) sin(2k + 1)πydA (3.31)

E∗
20 =

∫
A

∂2

∂x2

(
Φq(x, y)

)
Φm(x, y) cos(2k + 1)πydA (3.32)

E∗
21 = E∗

17, E∗
22 = E∗

18, E∗
23 = E∗

19, E∗
24 = E∗

20 (3.33)

Ψm(x, y) is assumed to be the products of functions Ψpm(x)Ψbm(y) which are the beam functions in
the directions of x and y axes respectively. That is

Ψm(x, y) = Ψpm(x)Ψbm(y) (3.34)

where

Ψpm(x) = sinλpmx+Apm cosλpmx+Bpm sinhλpmx+ Cpm coshλpmx

Ψbm(y) = sinλbm +Abm cosλbmy +Bbm sinhλbmy + Cbm coshλbmy
(3.35)

where Apm, Bpm, Cpm, Abm, Bbm and Cbm are constants determined by the boundary
conditions. And Ψpm and Ψbm are called the mode frequencies
where

λpm =
ξpm
Lx

, λbm =
ξbm
Ly

(3.36)
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Equation (3.10) can be rewritten, if a unit mass is considered as

Q̈n(t) + ω2
nQn(t)−

1

∆

∞∑
q=1

[
R0T0Q̈q(t)−

2B

µ
T1Qq(t)−

Dx

µ
T2Qq(t)−

Dy

µ
T3Qq(t)

+

(
ω2
n − K0

µ
T4

)
Qq(t) +

G0

µ
T5Qq(t)−ϖφ

((
T6 +

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8

sin(2k + 1)πs

2k + 1

))
Q̈q(t) + 2c

(
T7 +

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
j=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇q(t)

+ c2
(
T8 +

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))
Qq(t)

)]

=
∞∑
q=1

Mg

µ∆
Φm(ct)Φm(s)

(3.37)

equation (3.38) is the fundamental equation of the problem. where

ϖ =
M

µφ
, φ = LxLy (3.38)

Φm(ct) = sinαm(t) +Am cosαm(t) +Bm sinhαm(t) + Cm coshαm(t) (3.39)

Φm(s) = sinλm +Am cosλm +Bm sinhλm + Cm coshλm (3.40)

αm =
Γmc

Lx
, λm =

Γms

Ly
(3.41)

We shall consider the situation where the orthotropic rectangular plate is simply supported at all
its edges. The boundary conditions for an orthotropic rectangular plate having simple supports at
all its edges are given by

W (0, y, t) = 0 = W (Lx, y, t) = 0 (3.42)

W (x, 0, t) = 0 = W (x, Ly, t) (3.43)

∂2

∂x2
W (0, y, t) = 0 =

∂2

∂x2
W (Lx, y, t) = 0 (3.44)
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∂2

∂y2
W (0, y, t) = 0 =

∂2

∂y2
W (x, Ly, t) = 0 (3.45)

Φm(0) = Φm(Lx) (3.46)

Φm(0) = Φm(Ly) (3.47)

∂2

∂x2
Φm(0) =

∂2

∂x2
Φm(Lx) (3.48)

∂2

∂y2
Φm(0) =

∂2

∂y2
Φm(Ly) (3.49)

Φm(x) = sin
Γmx

Lx
+Am cos

Γmx

Lx
+Bm sinh

Γmx

Lx
+ Cm cosh

Γmx

Lx
(3.50)

Φm(y) = sin
Γmy

Ly
+Am cos

Γmy

Ly
+Bm sinh

Γmy

Ly
+ Cm cosh

Γmy

Ly
(3.51)

On putting x = 0 and x = Lx into equation (3.51), substituting the answers into equations (3.44)
and (3.48). Solving these equations simultaneously, one obtains

Am = 0, Bm = 0, Cm = 0 (3.52)

Γm = mπ (3.53)

On putting equations (3.51) to (3.54) into equations (3.11) to (3.34), the integrals become

T0 = −

[
π2q2

L2
x

+
π2q2

L2
y

]∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.54)

T1 =
π4q4

L2
xL2

y

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.55)

T2 =
π4q4

L4
x

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dx (3.56)

T3 =
π4q4

L4
y

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.57)

T4 =

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.58)

T5 = −

[
π2q2

L2
x

+
π2q2

L2
y

]∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.59)

T6 =
1

16

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.60)

E∗
1 =

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
sin(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.61)

E∗
2 =

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
cos(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.62)

E∗
3 =

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
sin(2k + 1)πydy (3.63)

E∗
4 =

∫ Lx

0

sin
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
cos(2k + 1)πydy (3.64)

E∗
5 = E∗

1 , E∗
6 = E∗

2 , E∗
7 = E∗

3 , E∗
8 = E∗

4 (3.65)

T7 =
πq

16Lx

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.66)

73



Awodola and Adeoye; ARJOM, 16(8): 64-92, 2020; Article no.ARJOM.57775

E∗
9 =

qπ

Lx

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
sin(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.67)

E∗
10 =

qπ

Lx

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
cos(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.68)

E∗
11 =

qπ

Lx

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
sin(2k + 1)πydy (3.69)

E∗
12 =

qπ

Lx

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
cos(2k + 1)πydy (3.70)

E∗
13 = E∗

9 , E∗
14 = E∗

10, E∗
15 = E∗

11, E∗
16 = E∗

12 (3.71)

T8 = − π2q2

16L2
x

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.72)

E∗
17 = −q2π2

L2
x

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
sin(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.73)

E∗
18 = −q2π2

L2
x

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
cos(2j + 1)πxdx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
dy (3.74)

E∗
19 =

q2π2

L2
x

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
sin(2k + 1)πydy (3.75)

E∗
20 = −q2π2

L2
x

∫ Lx

0

cos
qπx

Lx
sin

mπx

Lx
dx

∫ Ly

0

sin
qπy

Ly
sin

mπy

Ly
cos(2k + 1)πydy (3.76)

E∗
21 = E∗

17 E∗
22 = E∗

18 E∗
23 = E∗

19 E∗
24 = E∗

20 (3.77)

On solving equations (3.55) to (3.61),(3.67) and (3.73), and substituting into equation (3.38), one
obtains

Q̈n(t) + ω2
nQn(t)−

1

θ∗

∞∑
q=1

[
− R0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

2Bπ4q4

4µLxLy
Qq(t)−

Dyπ
4q4Lx

4µL3
y

Qq(t)−
K0LxLy

4µ
Qq(t) +

G0LxLy

4µ
Qq(t)−ϖφ

((
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1)
+

1

4π

(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1

−
∞∑

k=1

E∗
8
sin(2k + 1)πs

2k + 1

))
Q̈q(t) + 2ct

(
−4mLx

64(q2 −m2)π
+

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1

−
∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
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+
1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1

−
∞∑

k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇q(t) + c2

(
−π2q2Ly

64Lx
+

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))
Qq(t)

)]
=

∞∑
q=1

Mg

µ∆
Φm(ct)Φm(s)

(3.78)

The solutions to equation (3.79) shall be obtained by considering two cases:

3.1 Simply Supported Orthotropic Rectangular Plate Tranversed
by Moving Force.

For moving force problem, one sets ϖ = 0 in equation (3.79) which becomes

Q̈n(t) + ω2
nQn(t)−

1

µθ∗

[
− µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
Q̈n(t)−

2Bπ4n4

4LxLy
Qn(t)−

Dxπ
4n4Ly

4L3
x

Qn(t)−
Dyπ

4n4Lx

4L3
y

Qn(t) +

(
ω2
n − K0LxLy

4

)
Qn(t) +

G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
Qn(t) +

∞∑
q=1,q ̸==n

(
− µR0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

2Bπ4q4

4LxLy
Qq(t)−

Dxπ
4q4Ly

4L3
x

− Dyπ
4q4Lx

4L3
y

Qq(t)−
K0LxLy

4
Qq(t)−

G0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Qq(t)

)]

=

∞∑
q=1

Mg

µ∆
sin

mπs

Ly
sin

mπct

Lx

(3.79)

On further simplification and re-arrangement, one obtains[
1 + η

µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)]
Q̈n(t) +

(
ω2
n − η

(
− 2Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

−

Dyπ
4n4Lx

4L3
y

+

(
µω2

n − K0LxLy

4

)
+

G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)))
Qn(t) +

∞∑
q=1,q ̸==n

(

− µR0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

2Bπ4q4

4LxLy
Qq(t)−

Dxπ
4q4Ly

4L3
x

Qq(t)−
Dyπ

4q4Lx

4L3
y

Qq(t)

− K0LxLy

4
Qq(t) +

G0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Qq(t)

)
=

∞∑
q=1

Mgη sin
mπs

Ly
sin

mπct

Lx

(3.80)

where

η =
1

µθ∗
(3.81)
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Consider a parameter η∗ < 1 for any arbitrary mass ratio η, defined as

η =
η∗

1 + η∗ (3.82)

It can be shown that

η = η∗ − o(η∗2) (3.83)

Retaining only o(η∗), one obtains

η = η∗ (3.84)

On putting equation (3.85) into equation (3.81) and rewriting it, one obtains

Q̈n(t) +
1

1 + η∗ µR0LxLy

4

(
π2n2

L2
x

+ π2n2

L2
y

)(ω2
n − η∗

(
− 2Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

− Dyπ
4n4Lx

4L3
y

+

(
µω2

n

− K0LxLy

4

)
+

G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)))
Qn(t) +

η∗

1 + η∗ µR0LxLy

4

(
π2n2

L2
x

+ π2n2

L2
y

) ∞∑
q=1,q ̸==n

(
− µR0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

(
2Bπ4q4

4LxLy
+

Dxπ
4q4Ly

4L3
x

+
Dyπ

4q4Lx

4L3
y

+
K0LxLy

4

− G0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

))
Qq(t)

)
=

Mgη∗ sin mπs
Ly

sin mπct
Lx

1 + η∗ µR0LxLy

4

(
π2n2

L2
x

+ π2n2

L2
y

)
(3.85)

Applying binomial expansion, one obtains

1

1 + η∗ µR0LxLy

4

(
π2n2

L2
x

+ π2n2

L2
y

) = 1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
+ o(η∗2) + ... (3.86)

On substituting equation (3.87) into equation (3.86), one obtains

Q̈n(t) +

[
ω2
n

(
1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
+ o(η∗2) + ...

)
− η∗

(
2Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

− Dyπ
4n4Lx

4L3
y

+

(
µω2

n − K0LxLy

4

)
+

G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

))(
1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
+ o(η∗2) + ...

)]
Qn(t)− η∗

(
1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
+ o(η∗2) + ...

))
∞∑

q=1,q ̸==n

(
− µR0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

(
2Bπ4q4

4LxLy
+

Dxπ
4q4Ly

4L3
x

+
Dyπ

4q4Lx

4L3
y

+

K0LxLy

4
− G0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)))
Qq(t) = Mgη∗ sin

mπs

Ly
sin

mπct

Lx

(3.87)
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Expanding equation (3.88), and retaining only o(η∗), one obtains

Q̈n(t) +

[
ω2
n

(
1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

))
− η∗

(
2Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

− Dyπ
4n4Lx

4L3
y

+

(
µω2

n − K0LxLy

4

)
+

G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

))]
Qn(t)− η∗

(
1− η∗ µR0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

))
∞∑

q=1,q ̸==n

(
− µR0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)
Q̈q(t)−

(
2Bπ4q4

4LxLy
+

Dxπ
4q4Ly

4L3
x

+

Dyπ
4q4Lx

4L3
y

+
K0LxLy

4
− G0LxLy

4

(
π2q2

L2
x

+
π2q2

L2
y

)))
Qq(t) = Mgη∗ sin

mπs

Ly
sin

mπct

Lx

(3.88)

Using Struble’s technique, the solution to equation (3.89) takes the form

Qn(t) = A(n, t) cos(ωnt−B(n, t)) + ... (3.89)

Qn(t) = En cos

[
ωnt−

η∗

2ω2
n

(
G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
− Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

− Dyπ
4n4Lx

4L3
y

+

(
µω2

n − K0LxLy

4

)
+

R0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

))
t−Ψn

] (3.90)

On further simplifications, one obtains

Qn(t) = En cos(Γnt−Ψn) (3.91)

where

Γn = ωn − η∗

2ω2
n

[
G0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)
− Bπ4n4

4LxLy
− Dxπ

4n4Ly

4L3
x

− Dyπ
4n4Lx

4L3
y

+

(
µω2

n − K0LxLy

4

)
+

R0LxLy

4

(
π2n2

L2
x

+
π2n2

L2
y

)] (3.92)

is the modified frequency for simply supported orthotropic rectangular plate traversed by moving
force.
The homogeneous part of equation (3.89) gives

Q̈n(t) + Γ 2
nQn(t) = 0 (3.93)

Hence, the entire equation (3.89) becomes

Q̈n(t) + Γ 2
nQn(t) = Mgη∗ sin

mπs

Ly
sin

mπct

Lx
(3.94)

when equation (3.95) is solved in conjunction with the initial conditions (2.4),one obtains

Qn(t) =
Mgη∗

Γn
sin

mπs

Ly
×

[
Γn sin mπc

Lx
t− (mπc

Lx
) sinΓnt

(mπc
LX

)2 − Γ 2
n

]
(3.95)

Thus,in view of equation (3.1),one obtains

W (x, y, t) =
Mgη∗

Γn
sin

mπs

Ly
×

[
Γn sin mπc

Lx
t− (mπc

Lx
) sinΓnt

(mπc
LX

)2 − Γ 2
n

]
× sin

mπx

Lx
sin

mπy

Ly
(3.96)

is the transverse displacement response to a moving force of a simply supported orthotropic rectangular
plate.
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3.2 Simply Supported Orthotropic Rectangular Plate Transversed
by Moving Mass

Here, one seeks solution to the entire equation (3.79). To solve this problem, one makes use of the
modified asymptotic Struble technique. The equation becomes,

Q̈n(t) + Γ 2
nQn(t) +ϖφ

∞∑
q=1

[(
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8

sin(2k + 1)πs

2k + 1

))
Q̈q(t) + 2c

(
−4mLy

64(q2 −m2)π
+

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇q(t) + c2

(
−π2q2Ly

64Lx
+

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

−
∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1))
Qq(t)

]
= ϖφ

mπs

Ly
sin

mπct

Lx

(3.97)

On further simplifications, equation (3.98) one obtains(
1 +ϖφδ(i, j)

)
Q̈n(t) + 2cϖφ

(
−4mLy

64(n2 −m2)π
+

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)

+
1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇n(t) +

[
Γ 2
n + c2

(
−π2q2Ly

64Lx
+

1

π2(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−
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∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)

+
1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))]
Qn(t) +ϖφ

∞∑
q=1,q ̸=n[(

LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1

−
∞∑

k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πct

2j + 1

)

+
1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8
sin(2k + 1)πs

2k + 1

))
Q̈q(t) + 2c

(
−4mLy

64(q2 −m2)π

+
1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1

−
∞∑

k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)

+
1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇q(t) + c2

(
−π2q2Ly

64Lx

+
1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1

−
∞∑

k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)

+
1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))
Qq(t)

]
= ϖφ sin

mπs

Ly

sin
mπct

Lx

(3.98)

where

δ(i, j) =

(
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8
sin(2k + 1)πs

2k + 1

))
(3.99)

Rewriting equation (3.99), one obtains

Q̈n(t) +
2cϖφ(

1 +ϖφδ(i, j)

)( −4mLy

64(q2 −m2)π
+

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13

79



Awodola and Adeoye; ARJOM, 16(8): 64-92, 2020; Article no.ARJOM.57775

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1

))
Q̇n(t) +

1(
1 +ϖφδ(i, j)

)[Γ 2
n + c2

(
−π2q2Ly

64Lx
+

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)
+

1

4π(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1

))]
Qn(t) +

ϖφ(
1 +ϖφδ(i, j)

)
∞∑

q=1,q ̸=n

[(
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8
sin(2k + 1)πs

2k + 1

))
Q̈q(t)

+ 2c

(
−4mLy

64(q2 −m2)π
+

1

π2

(
∞∑
j=1

E∗
9
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
10

sin(2j + 1)πct

2j + 1

)
(

∞∑
k=1

E∗
11

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
12

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
13

cos(2j + 1)πct

2j + 1

−
∞∑
j=1

E∗
14

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
15

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
16

sin(2k + 1)πs

2k + 1))
Q̇q(t) + c2

(
−π2q2Ly

64Lx
+

1

π2

(
∞∑
j=1

E∗
17

cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
18

sin(2j + 1)πct

2j + 1

)
(

∞∑
k=1

E∗
19

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
20

sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
21

cos(2j + 1)πct

2j + 1

−
∞∑
j=1

E∗
22

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
23

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
24

sin(2k + 1)πs

2k + 1))
Qq(t)

]
=

ϖφ(
1 +ϖφδ(i, j)

) sin
mπs

Ly
sin

mπct

Lx

(3.100)

We shall consider a dummy parameter ϖ∗ < 1 for any arbitrary mass ratio defined by

ϖ =
ϖ∗

1 +ϖ∗ (3.101)
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By using binomial theorem and truncating after second terms, one obtains

ϖ∗ = ϖ + o(ϖ2) (3.102)

Considering only o(ϖ∗), equation(3.103) becomes

ϖ = ϖ∗ (3.103)

1

(1 +ϖ∗φδ(i, j))
= 1−ϖ∗φδ(i, j) + (ϖ∗)2 + ... (3.104)

on application of binomial expansion. where |δ(i, j)| < 1. That is to say∣∣∣∣∣
(
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2
sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3

cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π

(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6

sin(2j + 1)πct

2j + 1

)
+

1

4π

(
∞∑

k=1

E∗
7
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
8
sin(2k + 1)πs

2k + 1

))∣∣∣∣∣ < 1

(3.105)

On putting equations (3.104) and (3.105) into equation (3.101) and rewriting it, one obtains

Q̈n(t) + 2cϖ∗φ

[
1−ϖ∗φ

(
LxLy

64
+

1

π2

(
∞∑
j=1

E∗
1
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
2

sin(2j + 1)πct

2j + 1

)(
∞∑

k=1

E∗
3
cos(2k + 1)πs

2k + 1
−

∞∑
k=1

E∗
4
sin(2k + 1)πs

2k + 1

)
+

1

4π(
∞∑
j=1

E∗
5
cos(2j + 1)πct

2j + 1
−

∞∑
j=1

E∗
6
sin(2j + 1)πct

2j + 1
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=

ϖ∗φ(
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(3.106)
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On expanding and retaining only o(ϖ∗2), one obtains
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∞∑
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∞∑
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∞∑
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∞∑
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(3.107)

Applying the method of Struble technique to equation (3.108), one obtains

Q̈n(t) +Θ2
nQn(t) = ϖ∗φg sin

mπs

Ly
sin

mπct

Lx
(3.108)

where

Θn =

[
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2Γn

(
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(
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(
∞∑
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∞∑
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2k + 1
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is the modified frequency for simply supported orthotropic rectangular plate.

Qn(t) =
ϖ∗φg

Θn
sin

mπs

Ly
×

[
Θn sin mπc

Lx
t− (mπc

Lx
) sinΘnt

(mπc
LX

)2 −Θ2
n

]
(3.110)

On further substitution, equation (3.1) becomes

W (x, y, t) =
ϖ∗φg

Θn
sin

mπs

Ly
×

[
Θn sin mπc

Lx
t− (mπc

Lx
) sinΘnt

(mπc
LX

)2 −Θ2
n

]
× sin

mπx

Lx
sin

mπy

Ly
(3.111)

is the transverse displacement response to a moving mass of a simply supported orthotropic rectangular
plate.

4 Discusion of the Analytical Solutions

For this undamped system, it is desirable to examine the phenomenon of resonance. From equation
(3.97), it is clearly shown that the simply supported orthotropic rectangular plate on constant
elastic foundation and traverse by moving distributed force with uniform speed reaches a state of
resonance whenever

Γn =
mπc

Lx
(4.1)

while equation (3.112) shows that the same simply supported orthotropic rectangular plate under
the action of a moving mass experiences resonance when

Θn =
mπc

Lx
(4.2)
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where
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Comparing equations (4.1) and (4.2), one obtains
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(4.4)

5 Graphs of the Numerical Solutions

To illustrate the analysis presented in this work, orthotropic rectangular plate is taken to be of
length Ly = 0.923m, breadth Lx = 0.432m the load velocity c=0.8123 m/s and s = 0.4m.The
results are presented on the various graphs below for the simply supported boundary conditions.

5.1 Graphs for Simply Supported Boundary Conditions

Fig. 2 and 3 display the effect of rotatory inertia Ro on the deflection profile of simply supported
orthotropic rectangular plate under the action of load moving at constant velocity in both cases of
moving distributed forces and moving distributed masses respectively. The graphs show that the
response amplitude decreases as the value of rotatory inertia Ro increases.

Fig. 2. Displacement profile of simply supported orthotropic rectangular plate with
varying Ro and traversed by moving force
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Fig. 3. Displacement profile of simply supported orthotropic rectangular plate with
varying Ro and traversed by moving mass

Fig. 4 and 5 display the effect of foundation modulusKo on the deflection profile of simply supported
orthotropic rectangular plate under the action of load moving at constant velocity in both cases of
moving distributed forces and moving distributed masses respectively. The graphs show that the
response amplitude decreases as the value of foundation modulus Ko increases.

Fig. 4. Displacement profile of simply supported orthotropic rectangular plate with
varying Ko and traversed by moving force

Fig. 6 and 7 display the effect of shear modulus Go on the deflection profile of simply supported
orthotropic rectangular plate under the action of load moving at constant velocity in both cases of
moving distributed forces and moving distributed masses respectively. The graphs show that the
response amplitude decreases as the value of shear modulus Go increases.
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Fig. 5. Displacement profile of simply supported orthotropic rectangular plate with
varying Ko and traversed by moving mass

Fig. 6. Displacement Profile of simply supported orthotropic rectangular plate with
varying Go and traversed by moving force

87



Awodola and Adeoye; ARJOM, 16(8): 64-92, 2020; Article no.ARJOM.57775

Fig. 7. Displacement profile of simply supported orthotropic rectangular plate with
varying Go and traversed by moving mass

Fig. 8 and 9 display the effect of flexural rigidity of the plate along x-axis Dx on the deflection
profile of simply supported orthotropic rectangular plate under the action of load moving at constant
velocity in both cases of moving distributed forces and moving distributed masses respectively. The
graphs show that the response amplitude decreases as the value of flexural rigidity Dx increases.

Fig. 8. Displacement profile of simply supported orthotropic rectangular plate with
varying Dx and traversed by moving force

Fig. 10 and 11 display the effect of flexural rigidity of the plate along y-axis Dy on the deflection
profile of simply supported orthotropic rectangular plate under the action of load moving at constant
velocity in both cases of moving distributed forces and moving distributed masses respectively. The
graphs show that the response amplitude decreases as the value of flexural rigidity Dy increases.
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Fig. 9. Displacement Profile of simply supported orthotropic rectangular plate with
varying Dx and traversed by moving mass

Fig. 10. Displacement profile of simply supported orthotropic rectangular plate with
varying Dy and traversed by moving force

Fig. 11. Displacement profile of simply supported orthotropic rectangular plate with
varying Dy and traversed by moving mass
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Fig. 12 displays the comparison between moving force and moving mass for fixed values of Ro,
Go, Ko, Dx and Dy.

Fig. 12. Displacement profile of comparison between moving force and moving mass

6 Conclusion

In this work, the problem of dynamic behavior of simply supported orthotropic rectangular plates
resting on bi-parametric foundation has been studied. The closed form solutions of the fourth
order partial differential equations with variable and singular coefficients governing the orthotropic
rectangular plates is obtained for both cases of moving force and moving mass using a solution
technique that is based on the separation of variables which was used to remove the singularity
in the governing fourth order partial differential equation and thereby reducing it to a sequence
of coupled second order differential equations. The modified Struble’s asymptotic technique and
Laplace transformation techniques are then employed to obtain the analytical solution to the two-
dimensional dynamical problem.

The solutions are then analyzed. The analyses show that, for the same natural frequency and
the critical speed for the moving mass problem is smaller than that of the moving force problem.
Resonance is reached earlier in the moving mass system than in the moving force problem. That
is to say the moving force solution is not an upper bound for the accurate solution of the moving
mass problem.
The results in plotted curves show that as the rotatory inertia correction factor Ro increases, the
amplitudes of plates decrease for both cases of moving force and moving mass problems. The flexural
rigidities along both the x-axis Dx and y-axis Dy increase, the amplitudes of plates decrease for
both cases of moving force and moving mass problems. As the shear modulus Go and foundation
modulus Ko increase, the amplitudes of plates decrease for both cases of moving force and moving
mass problems.

It is shown further from the results that for fixed values of rotatory inertia correction factor, flexural
rigidities along both x-axis and y-axis, shear modulus and foundation modulus, the amplitude
for the moving mass problem is greater than that of the moving force problem which implies
that resonance is reached earlier in moving mass problem than in moving force problem of simply
supported orthotropic rectangular plates resting on bi-parametric foundation.
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