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Abstract

The global well-posedness and stability on the two-dimensional (2D) incompressible magnetohydrodynamics
(MHD) system are studied in this paper. More precisely, when the MHD system only has the dissipation of
the second component of the magnetic field and mixed dissipation of velocity, this system is stable. Another
main goal is to establish the large-time behavior of the solution for the linear system.
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1 Introduction

The MHD system is coupled from Naiver-stokes and Maxwell’s equations. Extensive physical experiments and
numerical simulations have shown an important phenomenon that a background magnetic field can actually
stabilize and dump electrically conducting fluids (see, e.g., [1, 2, 3, 4, 5]). The anisotropic incompressible MHD
system in R? have the following form

Otu1 +u-Vur — B-VBy 4+ 01p = p11011u1 + p12022u1,
Otuz +u - Vug — B - VBy 4 O2p = p21011u2 + p22022us2,
0tB1 +u-VB1 — B-Vu; = 111011 B1 + 112022 B1,

0tB2 +u - VBa — B - Vug = 121011 B2 + 122022 Ba,

divu = divB =0,

(u, B)(z,0) = (uo, Bo),

(z,t) € R* x RT, (1.1)

where u = (u1,u2), B = (B1, B2) and p(z,t) are unknown velocity, magnetic field, and pressure, respectively.
The constants pij,n:; > 0 with 4,5 = 1,2 are viscous and magnetic diffusion coefficients, respectively.

For simplicity, we denote
Alz(uu pa2 ),A2:< mi o Mo )
o1 Ho2 M2 722
as the matrices of viscous and magnetic diffusion coefficients. When all coefficients pij, 1:;(3,j = 1,2) are
positive, Duvet [6] established the global existence of classical solutions to the 2D MHD equations for initial

data (uo,bo) € H*(R*)(s > 2). For the anisotropic incompressible MHD system, Cao-Wu [7] first proved the
global existence of the classical solutions for the system (1.1) with cases

1 0 0 1 0 1 1 0
(AI’AQ)_<1 0 0 1)’ and (Al’A2)_(o 11 0)'

Then, Du-Zhou [8] established some similar results for the MHD system with maximized partial dissipation and
magnetic diffusion in more general cases.

However, stability for the perturbations near the trivial steady state (u, B) = (0,0) and their large-time behavior

remain open. In this paper, we will focus on the following MHD system (1.2) near the equilibrium state
(U©®, BO)
ou+u-Vu—>b-Vb+Vp = (8§u1,8%uz)-r + 02b,
Ab+u-Vb—b-Vu=(0,07b)" + dou,
V-u=V-b=0,
(u, b)|t=0 = (w0, bo).

(1.2)

where
U9 =0, B9 =e:=(0,1).

Recently, Lin-Ji-Wu-Yan [9] obtained the existence and large-time behavior for the global solutions of U 0 =
0, B =(1,0) with

0O 1 1 O
case 1. (A1]42) = < o 1 1 0 )
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For U =0, B©® =(0,1), Li-Wu-Xu [10] obtained the stability of system (1.1) with

0 o0 1 1
case 2. (Al‘A2)2<1 1 0 0>‘

Guo-Jia-Dong [11] got the stability of (1.1) with

1

case 3. (A1]|A42) = ( 1

o o
= o
S =
N——

Lin-Chen-Bai-Zhang [12] proved the stability of (1.1) with

0 1 1 O
case 4. (A1|Aq) = ( 1 0 1 o0 ) .

Our result is inspired by the work of [12]. If the magnetic field has less dissipation, the system is still stable.
For the system (1.1) with equilibrium state U® =0, B =(0,1), we consider the case

0 1 0 O
case 5. (A;1]|42) = ( 1 0 1 o0 ) .

Our main results can then be stated as follows.

Theorem 1.1. Consider (1.2) with the initial data (uo,bo) € H2(R2) satisfies V - ugp = V - bop = 0. Then there
ezists a positive constant >0, such that if
| (w0, bo)|lm2 <e,

then the system (1.2) has a unique global solution for any t>0, satisfying
t
[ (u, B) ()| 32 + 2/ 102w 72 + 101wl 72 + [|01b2|l72 + 10201 |32 d7 < CE?, (1.3)
0

where C>0 is a generic positive constant independent of € and t. In addition, (u,b) obeys the following large-time
behavior:
(Y, Vo) ()| 2 — 0, 1(V2u, V2b)(t)| 2 — O, as t— oco. (1.4)

We observe that (1.3) of Theorem 1.1 rigorously assesses that any small initial perturbation leads to a unique
global solution of (1.2) and remains consistently small in H?. Since the local existence result can be shown via
the standard method, we only need to establish a global prior estimate of the solutions. To use the bootstrapping
argument, we introduce an energy functional specifically to achieve our desired estimates. Let

E) = &) + &),

where .
Ei(t) = sup ||(u,b)(7)ll52 +2/ (102u1 132 + 10vuz| 52 + [|01b2 |52 )dr,
<7<t 0

0<
t
&x(t) = [ loaba ()
0
The main goal of the proof is to establish the following estimate:
E(t) < CE(0) + CEY2(t). (1.5)

The proof of (1.5) is not obvious and requires significant effort. We need to establish the following three
inequalities respectively, and there exists a generic positive constant C,

E1(t) < CEL(0) + CE2(t) + CEZ 2 (1), (1.6)
Ex(t) < CEL(0) + CE(t) + CEY2(t) + CEY(1). (1.7)
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For any ¢t>0, adding (1.7) to (1.6) by the appropriate constant, then we can yield the estimate of (1.5). The
bootstrapping argument implies that if

£(0) = [(uo, bo)[I32 < &%,
for suitable £>0, then £(¢) remains uniformly bounded for 0<t<oo,
E(t) < Ce?,
for some pure constant C'>0. The more details are provided in Section 3.
Another main goal of this paper is to establish the large-time behavior for the following linear system

Our = O3us + O2by + (—A)TL0705u1 + (—A) ' 205 ua,

Orug = Oug + by + (—A)10105ur + (—A) 10703 uz,

Otb1 = Ozu1, (1.8)
(9tb2 = a%bQ + 82”27

V-u=0, V-b=0.

The decay estimates can then be stated as follows.

Theorem 1.2. Let (uo,bo) € H*(R?) satisfies V - ug = V - by, where s > 0 and (u,b) is the solution of (1.8).
Let (Vuo, Vbo) € H*(R?). Then (u,b) satisfies,

[Vu(t)| s + [IVBE)|| s < CA+ 1)1 (1.9)
Moreover, if (8%uso, d3u10, 02b20) € H*(R?). Then we have
[0vu(®)]l o + 10eb(B)ll 7o < CA+8) "2 (1.10)

The rest of this paper is divided into three sections. Section 2 presents several tool lemmas to be used in
the proof of Theorem 1.1 and Theorem 1.2. The proofs of inequalities (1.6) and (1.7), and Theorem 1.1 are
completed in Section 3. The last section demonstrates Theorem 1.2.

2 Preliminaries

In this section, we provide several lemmas that will be very important in subsequent proofs. Lemma 2.1 and
Lemma 2.2 can help us treat the difficulty caused by the absence of dissipation. Lemma 2.3 and Lemma 2.4
contribute to obtaining some results on the large-time behavior.

Lemma 2.1. (see [18]) Assume f,g,h,01g and d2h all in L*(R?), it holds that
[17ahidz < llealalE1ogl 2 1N 0en

Lemma 2.2. (see [14]) The following estimates hold when the right-hand sides are all bounded in RZ.

£l < CIFILL 01 FILLL 102 fI1LL 10102 135"

L L L2 L2
which implies that
£l < CIFILZ N0 FINE

g1 H1>

Ifllze < CIFIZI 1152,
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Lemma 2.3. (see [15]) Let f = f(t) with t € [0,00) be nonnegative continuous function. Assume that

/ ft)dt<oo.

Suppose that for any p>0, there is §>0 such that, for any 0 < s<t witht —s <,

either  f(t) < f(s) or [f(t)>f(s) and [f(t)—f(s) <p.

Then
f(t) =0, as t— oo

Lemma 2.4. (see [16]) For given Constants Co>0 and C1>0, assume that f = f(t) is a nonnegative continuous

function satisfying
oo

f(rydr < Co, andf(t) < Cif(s), forany 0<s<t.
0

Then there exists a positive constant Cy := max{2C f(0),4CoC1} such that for any t>0,
f(t) < Co(1+1)"

3 The Global Well-Posedness

The main purpose of this section is to prove Theorem 1.1. In the following, we establish the validity of (1.6)
and (1.7) respectively.

3.1 Proof of (1.6)

Proof. First, we take the L-inner product of (1.2) with (u,b) to obtain
3 dtH(u b)||z2 + |01uzl|72 + 82w |72 + |91b2|72 = 0. (3.1)
Next, to estimate the Hl—norm applying V to (1.2) and dotting them with (Vu, Vb) in L?, we find

(T, VB2 + 101 Vuala + 02V 22 + 103 Va2

2 dt
2 2
= —Z/@iu - Vb - dibdz + Z/Bib - Vu - dibdx (3.2)
i=1 =1
=11 + 12,

where we used the significant fact that
2 2
Z/&-(u~Vu)-8iudm:0, Z/8¢b~Vb-8iudm:O.
By integration by parts and V- b =0,
2 2

Z/b~6,-Vb-&-udx+2/b-8iVu~6ibdx:0.

= i=1
Now, we bound I;. By Holder’s inequality, we have

f/alu - Vb - 01bdx — /aw - Vb - Oobdx

< OVl pal[ VOl 2 | V0] 4 (3.3)
< Ol 21Vl 2]Vl g
< Clloll g2 (|9ruzllzr + 182w |72 + |91ball7n + 11821 [[770),
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where
[Vull gz = [|01ul| g2 + [|02ul| 2
= O llg2 + [[O1uzl g2 + [|02u1 || g2 + [|02uz|| 2
< 2||0vuzl| g2 + 2[|02un | g2,
similarly,

VOl < 2[[01bal gy + 2([O2b1 ]| g1
For the term I,
I, = /01() -Vu - 01 bdxr + /826 -Vu - O2bdx

< O Vul| 2| Vb7 (3.4)
< Cllull g2 (101b2 |71 + [|02b1[|31).

Collecting the estimates in (3.3) and (3.4), we yield

1d
sV, VO)|Z2 + 101 VuzZa + 1182 Vus |72 + 1101 Vbal |72 (3.5)

< Cl(u, b) || 2 (|0ruzl 32 + 102w ||z + [|01b2][ 70 + (10261 ][ 70)-
To estimate the H2-mnorm of (u,b), applying d(i = 1,2) to (1.2) and dotting them with (9%u,d?b) in L?, one

can obtain

2 2 2 2

1d

Sd D @, 07072 + Y 10107 uallie + Y 10207 wall72 + Y 1101072 |72
i=1 =1 =1 =1

2 2
= fZ/af(u-w) -afudx+2/a?(b-vz;) - Ofudx
=1 =1

2 2
fZ/af(wvz;) -8i2bd:v+2/8i2(b«Vu)-8fbdx
i=1 =1

= Hy + Ho + Hs + Ha.

Due to Newton-Leibniz formula and the fact of V - u = 0, it follows

2 2
Hi :—Z/8?u~Vu‘afud:r—22/3¢u‘8iVu-5‘i2udx
i=1 i=1

(3.6)
< C||Vull 2| Vull7s
< Clullz (10ruall7r + 1021 [[372)-
Then, we estimate H2 and H4 together, by V - b = 0, one has
2 2
Hy + Hy = Z/@flrVb-8fudm+22/8ib-8iVb-8fudm
i=1 =1
2 2
+Z/8§b-Vu-8fbdx+22/8ib~6iVu-afbdx
i=1 i=1
:= Ha1 + H2z2 + Ha1 + Hao,
where
2 2
Z/b - O}Vb - O udz + Z/b -0}V - 07bdx = 0. (3.7)
i=1 i=1
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By Hélder’s inequality, we yield

Hyy + Hyp = /afb-Vb-a%ud:c+/a§b~vz)~a§udx

+2/alb-alvu-a%bdm+2/azb-awu-agbdx (3.8)

< O|IV2b]| 2| V|| 4[| VPl o
< CIbll 2 (||01ual3r2 + [|02ua |52 + |Orb2l72 + [|02b1[[71).
Similarly,

Hos + Ha1 = 2/8119-alvz)~a%uda:+2/32b~agv1;-a§udx

+/a%b-vu-a%bdm+/a§b.vu-a§bdx

(3.9)
< CIVb Ll V2l 2] V2ull L4 + OVl | V2D L2
< Clbll 2 (I Vullzrz + Vb3
< Cloll g2 (|9vuallzz + 182us |72 + 19102l + 1|82b1 [[771)-
Combining the estimates in (3.7)—(3.9), one immediately gets
Ha + Ha < C[b]| g2 (| 01ua |72 + 02w |72 + [|01b2|7r2 + [|02b1]|7)- (3.10)
Then, we estimate the term of Hs, by V - b = 0, we get
2 2
Hy = —Z/afu - Vb 07bdx — 2> dyu- 0;Vb- 0 bdx
i=1 i=1
< CIIV2ull 1| VBl 14 V70l 12 + Ol Vull L[ V]| 72 (3.11)
< Ol 2 Vol ([ V]| a2
< Clbll 2 (|0vuzlzr2 + 102unll3r2 + 101021772 + 19201 | 70 ).-
Putting (3.6), (3.10) and (3.11) together, we yield
1ad 2 2 2 2
Sq DM@ u, 070)l[72 + Y 10107 uallie + Y 1070207 w72 + ) 101076272 (3.12)
i=1 i=1 i=1 i=1 :
< Cll(w,0)l 2 ([10vuzl 3z + 102urll3r2 + 101021772 + 19201 | 0 ).-
Combining (3.1), (3.5) with (3.12) and integrating it over [0, ¢] yields
t
1, B) (1) 172 +2/0 (19vuz |z + 1|02uall 52 + 10102 |32 ) dr
t
< Cll(uo, bo) |72 +C sup_||(u,0)] 2 / (01uzllzr2 + 1920 [|772 + 19102 72
0<r<t 0
+ ||82b1”§11)d7'
< C&(0)+ CEY2(t) + CEY2 ().
The proof of (1.6) is therefore complete. O

3.2 Proof of (1.7)

The dissipation of £2(t) is generated by the background magnetic field. In order to establish the bound of &> (%),
we need the following special structure of equation (1.2)1:

82b1 = 8tu1 +u - VU1 — b Vbl +81p — 822’&1
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Proof. First, multiplying (1.2)1 by d2b1 and integrating over R?, it follows
‘|(92b1”i2 = /82b18tu1d3: —|—/8261(u -Vui —b- Vb1)dI + /(92b181pdl‘ — /821)1(9%’(116&3
= My + M2 + M3 + Ma.
By integration by parts and applying the magnetic equation in (1.2)2,
d
M, = a /82b1u1dx — /ulaQ(azul +b-Vur —u- Vbl)dx

= % /82b1U1dCL‘ + /82U1(82U1 +b-Vuy —u- Vb1)dl‘

= M1 + Mio.
It is easily conclude that

Mis = /aQU1(aQU1 +b-Vur —u- Vb1)d$

< 02|72 + Clldzua 2 ([Ibll o | Va2 + [l oo [ Vor ] 2 )
< [102un[|72 + Ol (u, b)l| sz 102wl 2 (| Ve || 2 + ([ Vs [ 2)
< 1102ual|72 + Cll(u, b) 2 (01u2ll 32 + 1020|372 + [10102| 72 + 9201 [ F)-

Therefore,
d 2
M; < —
1 < a /8gb1u1d1:+ ||82U||L2 (313)
+C)l(w, 0) | 2 (|9vuzl[3z + [102ua |72 + |91b2l372 + 1|81 771)-
By Holder’s inequality and Young’s inequality, one has
M2 = /82b1(u . Vul — b . Vb1)dl‘
< CllO2ba 2 ([[ullzee + (bl ) ([[Vurll L2 +[[Vr]12) (3.14)
< Cll(w, b)[[ 2 (10261 [ L2 (I Vur [l L2 + [V 2)
< Ol(u, b) [ 2 (|01uz 7> + 102us [ Fr2 + (181621 Fr2 + [|82b1 || 70 )-
To bound My, by Young’s inequality, we get
1
My = _/azblasuldx < 12b1]Z2 + Cll2u 5 (3.15)
Now, we need to estimate Mgz, applying V- to (1.2)1, one can obtain
p=(—A)"'V.(u-Vu)— (=A) 'V (b-Vb) — (—A) '0105u1 — (—A) %287 us. (3.16)
Due to Holder’s inequality,
M3 = /82b181pd56 S CH82b1HL2||81p||L2, (317)

where

[01pll2 < CII(=A) 'V - D1 (u- Vu)|[p2 + C[(=A) "'V - 01(b- Vb)| 2
+ C(=A) 107 0Fur || 2 + C|l(—A) ' 020  usl| 2
= M31 + M32 + M3z + M3z,.
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Using the fact of Riesz operator 81-(—A)*1/2 with ¢ = 1,2 is bounded in L", 0<r<oo, one find

Msy + Msz = C[|(=A) "'V - 91 (u- V)| 2 + C(=A) 'V - 91 (b - Vb)|| 12
< Cllu- Va2 +Cllb- Vbl 2

(3.18)
< Ol (u, )| 2 (IVull gt + VO] 1)
< Cll(w, o)l 2 ([ 01zl g1 + [[O2ur|[ g1 + [[O1b2l| gy + [|021 | 1 )-
Obviously, )
Mss + My = C||(—A) 107 05ua |2 + C||(=A) 0207 us|| 12 (3.19)
< Cl|0zur|| g1 + ClOruz]| g1 '
Combining the estimates in (3.18) and (3.19) together, we have
01pll2 < Cl|O2ur]| g1 + C|Oruz|| g (3.20)
+ Cll(u, b)|[ a2 ([[01uz| g1 + [[O2ur || g1 + [[01b2 | gy + [|02b1 | 1)
Putting (3.20) into (3.17), one can get
Ms < H102b1 122 + Clldaua |2 + Cll0rusl e
4 g " H (3.21)
+ Cl(u, b)[| 2 (101w |72 + [[92ua 31 + 10102 l71 + (10261 [[71)-
Combining the estimates (3.13), (3.14), (3.15) and (3.21) respectively, it follows
d
[0ab1]32 < 2.5 /szluldx + OO 2 + ClOvuz|2 522)
+ Ol (u, )| g2 ([ O1ua | T2 + 02w [[572 + (101022 + (1021 ]| 71).-
Next, applying 9;(i = 1,2) to (1.2)1 and dotting it with 929;b1 in L?, we can deduce that
2 2
Z H8281b1”2L2 = Z/Bgaiblai(ﬁtul +wu-Vu, —b-Vby + 81]) — 8§u1)dx
i=1 i=1
P 2
= ;/&&h&mdm - ;/C%@'asblaiuldx (3.23)

2
+ Z/c’)g&bﬁz(u -Vu; —b-Vby + a1p — 8§U1)dm
i=1
=Qo+ Q1+ Q2+ Q3+ Q4+ Qs.

Applying the struture of equation (1.2)2 and integration by parts,

2

Ql = Z/azai’luai(ayu +b-Vur —u- Vb1)d£lf
i=1

= Q11+ Q12 + Qu3,

where

2
Q12 = Z/azaﬂ“(azb -Vui +b- aZVU1)d$’
i=1

< Cl02Vull L (IVbll 2 | Va || o + 11b] pa |V us | 2)
< Clbll w2 [ Vullz
< Clbll 2 ([10vuz |72 + [|02ua[2).
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Similarly,

2
Q13 = — Z / 020;u1 (alu -Vb1 4+ u- 87,Vb1)d1'
=1

< N2Vl (Ve 2 [Vl Lo + llull L | V21| 2)
< Cllullg2 102V ur || g2 [[ VO] 111
< Cllull gz (102ur]| 72 + 18162171 + 119201 [771).-

Combining the estimates for Q12 and Q13 respectively, we get

Q1 < [|02Vur |32 4 C|l(w, b)|| g2 (|| 01wz |32 + ||O2ur |32 + [|O1bal| 31 + [|&2b1 |51 ). (3.24)

Using Holder’s inequality and Young’s inequality to get

Similar as Q2,

2
Qz = Z/@z&bl (&u -Vur +u- 6¢VU1)dI
i=1

< Cl182Vball 2 (| Vull pa | Vu | pa + [full oo [ V0| 2) (3.25)
< Cllull z2[102V b1 || 2 [V [ 71
< Cllulluz (101wl + 192u1 |72 + 110201 [ 7).

2
Qs = — Z/@g&ibl(&-b -Vbi 4 b - 8;Vby)dx
=1

By Young’s inequality, one find

, , (3.26)
< Cl|02Vb1 L2 (IVblIza + (1Bl Lo [[V7br]| £2)
< Cbll 2 (1101231 + 110201 [771).
> 1
Qs == [0:0030uunds < 110:bi s + 0w e (3.27)
=1

Now, we need to establish the estimate of Q4.

2 2
Q4 = 2/8287;61818ipdl' S CZ \|828ib1||L2 ||818¢p”L2.
=1

=1

Thanks to (3.16),

1010:p]l 2 < CII(=A) 'V - 010;(u - Vu)|[ 2 + C|[(=A) 'V - 018i(b - Vb)| 2
+ C||(=A) 18705 0iur | 12 + C||(—A) 0207 Diusl| 2.

Due to the boundness of Riesz operator 9;(—A)™'/? with ¢ = 1,2 in L?, then

[(=A)"'V - 010:(u- V)| L2 < C[(Vu- Vu+ u- V)| 2
< C||Vul|Zs + Clluflze | Vul 2
< Cllull 2| Vull 11
< Cllull g2 |01z g1 + [[O2ua || 1)

In a similar manner,

[(=2)7'V - 818i(b- Vb)| 12 < C1bll 12| VBl| 11
< Cbll 2 (10102l 2 + 110261 1)

112



Song; Asian Res. J. Math., vol. 20, no. 9, pp. 103-119, 202/; Article no. ARJOM.12231}

Obviously,
[(=A) 707050 || L2 + [|(—A) 0207 Dsusl| 2 < Cl|O2wn| g2 + C||Orus| 2.
Therefore,
Qi < 1021122 + Clloau [z + Clovua 3 9
+ Ol (u, )| g2 ([Orua | 71 + 02w [[51 + (1010271 + (10211 71)-
Putting (3.24)—(3.28) into (3.23), we can decude
2 d 2 2 2
02901 3 < 2 ;/&&bl&-uldx + C||0vus|%e + Cl0zun |22 529)
+ Ol (u, )|l 2 (|01 ual| Bz + 102w [[5r2 + 110102172 + (0211 70).-
Adding (3.22) and (3.29) together, one derives
2 d d ¢ 2
0213 < 20 /82b1u1da7+ 24 ;/828¢b18iu1dx + Cvus e
+ Cll02ua |32 + Cll(w, b) |2 (|Ovuzllzr2 + [102ua |72 + 0102172 + 110261 [[771)-
Integrating it over [0, ¢], it follows
[ 10201 < Clan, bl + B+ € [ (Poraa i + o i
+C sup [ B)ls [ (I0ruale + 10au s + 1010 + 102t )i
< CE(0) + CE(t) + CEY2 () + CEY? (1),
which implies (1.7). O

3.3 Proof of Theorem 1.1

This subsection completes the proof of Theorem 1.1, which can be achieved by the bootstrapping argument [17].
As we know, the local well-posedness of (1.2) in R? can be established via a standard procedure. We only need
to establish the global bounds and then apply the bootstrapping argument to obtain the desired stability result
in Theorem 1.1. The key components are the following energy inequalities established previously in subsections
3.1 and 3.2.

E1(t) < CE(0) + CEY?(t) + CEI (1), (3.30)
Ex(t) < CEL(0) + CE(t) + CEY? () + CEI (1), (3.31)
Proof. For any t>0, adding (3.31) to (3.30) by the appropriate constant yields,
E(t) < Co&(0) + Co&* (1), (3.32)
where £(t) = &1(t) + £2(t), and Cp>0 is a pure constant. We take

1

bo)||%e < ——.
[l (w0, b0l 72 < 1608

The bootstrapping argument starts with the ansatz that
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It follows from (3.32) that

E(8) < CoE(0) + CoEM2(1)E(H) < Col(0) + 00%5(1&) — Col(0) + %5(75),

then,
E(t) < 2CHE(0).

The bootstrapping argument then implies that, for any ¢ > 0,

This completes the proof of (1.3).

Now, we establish the decay results in (1.4). First of all, we establish the large-time behavior of (Vu, Vb), based
on V-u=0and V-b=0, we rewrite (3.2) as,

5 5117 VO L + 015 ual F2 + 102V [ + 94l
= f/Vu‘Verbder/Verrobdm
< C|IVull2[IVbl|7 < Cllullm2 bl 72

For any 0 < s < t<oo, integrating it in time, by the upper bound in (1.3), that is

[(Vu, Vo) ()l[72 = |(Va, VO) (5)[ 72 < CE*(t — 9).

Due to
[(Vu, Vb)[L2 < C([|O1uzll2 + [[O2ur]|L2) + C([|O1bz| 2 + [|02b1][2)-

Invoking (1.3), we then infer

/ (Y, VB)|22dt < oo,
0
then using Lemma 2.3 to obtain
(Vu, VB)()||72 — 0, as t— oo.

Next, we need to establish the large-time behavior of (VZu, V?b). Applying V? to (1.2) and dotting them with
(Vu, V?b), we have

d
(V7w VROl + 01V uz |22 + 1102V un |22 + 019272

N | =

= f/VQ(u-Vu) ~V2udx+/v2(b~Vb)-V2udm
(3.33)

—/VQ(u-Vb)-V2bd1+/v2(b-Vu)~V2bda:

= F1 + F + F3 + Fj.
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By V-4 =0 and Lemma 2.1, we conclude

F=— /(V2u -Vu-Vu+2Vu - V- Viu)d
—/Vzu . Vu1V2u1d:E — /VQu . Vugvzugdx

— 2/Vu . V2u1V2u1da: — Q/Vu . VQuQVngdx

< OVl g2 [ Vua |22 100 Va5V 2 ua || 1511025 2ua |57

(3.34)
+ COIV2ul| g2 | Vua || 152 102 Vo |15V 2 ua || 15 100V *us || 15
+ OV Pur || 2 [Vl )52 100 Va2 1V 2 || 102V 2w ||}
+ CIIVPus| L2 [Vl 152 102Vl o2 11V a1 101V s |}
< OVl 21V ullz2 (161 V2 uz |15+ (1029w [[357)
< CO)lulljyt® + 3101V uzll72 + 3102V |72
Similarly, by V - b =0, it follows
Fy=— /(v% Vb -V?b 4 2Vu - Vb - V3b)dz
—/VQU181b1V2b1dl‘—/VQUQazbzvzbldw—/VQU'VbQVQdeQZ
< OV ||V |5 102 2 ua |15 10161 |15 10701 ][}
(3.35)

+ OV || 2 V22 |52 101V 2 | 1521 02ba || 571| 0501 2
+ OVl 12 [ Vs | 5102 Vbo |2 V202 |22 [101 Vb || 14”
< Clbl3rz lull 3 (101 V 2z |5 + 1822 1157) + Clul 2 1BI[33 101 V0o |5
< CEOulZZ 1015 + lull 35 16l152) + 81101 VPuall 2 + 82V ua |72 + 1017762 |7 2).

By integration by parts and V - b = 0, it is easily seen that

F2+F4:/vaVb-v2udx+2/Vb~v2b~v2uda:

+/V2b-Vu-V2bdx+2/Vb-V2u-V2bdx

= Fb1 + Foo + Fy1 + Fya.

Similar to F3, by Holder’s inequality and Young’s inequality,

Fo1 + Fao = /VZb-Vb1V2u1da:+/V2b - VbaV3usdz

+2/Vb-v2blv2u1dx+2/Vb~V2b2V2u2dx

< C|\u||l/2||b||H2(\|52V w7 + 10V ||}
CO 320133 + 8102V ua 32 + 1182Vus ||32).
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By Lemma 2.2,
Fy 4 Fyp = /v2b161u1v2b1dx+/v2b262u1v2b1dx+/v2b.Vuzv%zdx

+2/Vb~V2u1V2b1dx+2/Vb~V2u2V2b2dx

< C|02us ||} 51|01 Baua | 5" 105 ua | 54105 D1 ua |51 V201 | 2
+ ClIV2bl| 2 |Vl 5101 Vul 5219202 | 157100 V2 ba |7
+ CIV20] L2 [ VI V20l 22 IV 2l 15 (101 Va5 + 1029 2 ||127)
< Cllull 32 161321100 Va5 + Cllul 2161132 1101 V2ba |15
+ Cllull 3 1Bl 32 (101 V22 |57 + 1102V ua || 5°)
< CEOull§ Iol52 " + lull 33 181132 + [l 35 181155 + 81101 Vsl [7 2
+68]102V2ur |72 + 8|01V 2ba]|7 2.

Therefore,
Fa+ Fy < CO)(lullS/3 161" + lull s 16172 + [l 3/ 1152) + 81101V uz |7 2

=+ 5|\82V U1||L2 + 6||81V b2||L2.
Choosing § = & and inserting the estimates in (3.34), (3.35) and (3.36) into (3.33) leads to

(3.36)

d
(V7w VO)[Le + 01V uz |22 + 10:V w72 + 01 VoI 22 (3:37)
< O(llullyd® + Il 3200055 + lall /10032 + a3 1l s ).
Foe any 0 < s<t, integrating (3.37) in time, by the upper bound in (1.3), that is
1(V?u, V20)(t)l[72 — (Y20, V2b)(s)l[72 < C("/? +2/7)(t — ).

Due to
[(V2u, V?b)[[72 < C([|01Vus| L2 + 102Vua | 2) + C (|01 Vbl 2 + [|02Vb1 | 12),

and (1.3) implies that
/Oo (Y2, V2b) |2 dt < oo,
Then, applying Lemma 2.3, we derive ’
1(V2u, V?b)||32 — 0, as t— oco.
Therefore, we finish the proof of Theorem 1.1. O

4 Proof of Theorem 1.2

This section aims to establish the proof of Theorem 1.2. It main relies on Lemma 2.4.

Proof. We first prove (1.9) in Theorem 1.2. Taking the H'-inner product of (1.8), we have

t
1, DY) 171 + 2/ (10ruzl|Frr + 182unll3r + 18162171 )ds = | (uo, bo)ll3: - (4.1)
0

By integration by parts and Hélder’s inequality,

1
101ua |72 = —/31’&232’&1613? < §(||31U2Hi2 + [[02ua172),
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then we yield
IVullZz < 2([|8vuzl|7e + |0zus|Z2).

Thanks to (1.3), we can conclide that
/ [ Vu(t)|?2dt < C, / 01b2(t)]|32dt < C.
0 0

In order to obtain the integrability for || V|72 on the time. We need to first establish the estimation of ||02b1]|2 .
Dotting (1.8)1 by 9201 and integrate over R?, we obtain

||82b1||iz :/8tulagb1d$—/8§U1azb1d$
—|—/(—A)_lafag’(uagbldl‘/(—A)_la?ag’luaglhdl’
= %/ulagbldmf/’luagatbldw*/agzulazbldx

+ /(—A)—lafa§u162b1dx/(—A)—lai'amagbldx
= Ko+ K1 + K2 + K3 + K.
By integration by parts, Holder’s inequality and (1.8)s3 ,
K = f/magatbld:r = f/ulaguldx = |82 ||32.
Due to the Riesz operator 9;(—A)~Y2(i = 1,2) is bounded in L?, we have
K> + K3 + Ka < C||02bi || 2 (03| 2 + [|0Fuz]|2)
< Sloabulli + Cl3BuslEz + Clokusl 2.

Therefore,
d
||82b1||i2 < 2@ /U182b1d$ + C||82u1||i,1 + CH@l’lLQ”ip

Integrating it over [0, ¢], it follows

t t
/ 18261 [[Z2dr < Cll(uo, bo) |72 + Ol (u, b) |7 + C/ (182w (71 + |9r ||z )dr. (4.2)
0 0

Adding (4.2) to (4.1) by the appropriate constant, we get

t t
[[(u, )12 +C/ (l|0vuz| 7 + ||32u1||i11)d7+/ (9162|771 + [|92b1||72)dT
0 0
< O|l(uo, bo) |1 -

It is easily seen that
[ Ul + (9l <
0

Applying V to (1.8) and dotting them with (Vu, Vb), one can obtain

d
1 (Vu, V) (t)||72 + 2(|01 Vua () |72 + [|02Vus (£)]|72) + 2]|01 Vb2 |72 = 0.
Therefore, by Lemma 2.4, we know that

1(Vu, Vb)|[72 < C(1+1) 72,
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Next, we prove the decay rate in (1.10). Applying 9; to (1.8) and multiplying them with (d:u, d;b), we obtain
d
a(llatu(t)\liz +[10:b(#)[122) < 0.

Taking the L?-norm of the velocity and magnetic field equations in (1.8), and integrating them on [0, t] for any
t > 0, we can infer

t t t
/ |Bvu(r)|2adr < / 16%us () |2 2dr + / 1620 ()27 + / 182b(r)||2 2,

0 0 0

and
t 2 ¢ 2 2 ¢ 2
/ 18:b(r) [22dr < / 1626 () |27 + / 16su(r)|[2adr.
0 0 (0]
Through (1.3) and Lemma 2.4, we derive
|0cul|22 + [|0:b||22 < C(1+ )~

Similarly, applying V* to (1.8),

8 Uy = O3UL + 32 By + (—A) 192030, + (—A) 10,05 Us,
U = O2Us + 02Ba + (—A) 101030, + (—A) 10303 Us,
0 B1 = U,

atB; = Q%E + 52(7;7

v-U=0, V.-B=0,

where U = Viu, B = V°b. Repeating the above process, then we can yield (1.9) and (1.10). This completes the
proof of Theorem 1.2. O
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