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Abstract

In this paper, we investigated anti-excedance statistics in = 1-non deranged permutations, the permutation
which fixes the first element in the permutations. This was accomplished by employing prime integers

p=5 in various calculations using this approach. The anti-excedance on T - non deranged permutations is
redefined in this study. The recursive formula for the anti-excedance number and excedance number is

. wtegr
generated, we also show that anti-excedance tops sum for any P is equal to the excedance tops
I, -1 I
w, € .. i W < .
sumof ' gp . Similarly, we observed those anti-excedance bottoms sum for any ' gp is equal to

I
(VS .
the excedance bottoms sum of ' P other properties were also observed.
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1 Introduction

Ax(7)

. . ) <i L
Anti-excedance set of the permutation & of i such that (i) <i which is denoted as and the number

ax(z) = |AX(72')|

of anti-excedance 7 denoted by . The term "permutation statistics" was originally used by

MacMahon [1], who described it in terms of a permutation ,S”, as well as the number of descents (des),

excedances (exc), inversions (inv), and major indices (maj). He demonstrated that over the symmetric group Sy
, the exc is equally distributed with des and the inv is equally distributed with maj. Due to its use in engineering
and science, the study of permutation statistics has become a popular field of study among authors. It deals with
permutations whose constituent numbers are analyzed in terms of their arrangement. A range of conclusions,
spanning from its avoidance class to its qualities, have been examined since the Aunu permutation pattern was
first developed in an effort to provide combinatorial interpretations of particular succession schemes. Garba and

Ibrahim [2] created a method using both the prime numbers p=5 and QcN employing the catalan
numbers as well. The configurations are chosen using a cycle of permutation patterns generated by this
approach. Researchers have studied permutation groups with specific characteristics over time; one that comes
to mind is the permutation patterns with fixed elements or without fixed elements, in which case the concepts of
deranged and non-deranged permutation surfaces are used. This interpretation is supported by Ibrahim et al. [3]
modification of the [2] approach to two line notation, which produced a set of permutations with a fix at 1

(which produced the natural identity). This obtained set of permutations is known as the oIy -non deranged

In
permutation group” and is denoted as ~P . Aremu et al. [4] added fuzziness to the T - non-deranged
I}
permutation group ~P and found that it is a one-sided fuzzy ideal (only right fuzzy but not left). They also
1
f %
found that the & -level cut of matches with if P Aremu et al. [5] showed the linkages and patterns

on the structures and fixed point of the permutations produced by these operations using the direct and skew

. . r . . .
sum operation on the constituents of the = 1-non deranged permutation group. Additionally, the collection of
e l—‘
permutations of the form of 7 is an abelian group, denoted by P, if 77 is the direct sum of these ~ 1-non
T

1
deranged permutations. Ibrahim and Garba [6] have demonstrated the Excedance set of all @ in gp such that
1
w #€e . E(p _1)
is

! and provided highly useful theoretical features of the 1ﬂl—non deranged permutations.

According to Ibrahim and Garba [7], the intersection of the Descent set and all I -non derangements is empty.

They also noted that the Descent number is strictly lower than the Ascent number by p-1. Ibrahim and
Magami [8] demonstrated that the statistics maz (sum of the descent of ZDer) and maj (sum of the descent set)
are equally distributed, demonstrating that the statistics dez (cardinality of the set Dez) is an Eulerian statistics

on Fl—non deranged permutations. Magami and Ibrahim [9] Proved that the admissible inversion set Al(wi)
Ai(w, ;) aid(o,_,) <

and admissible inversion set are disjoint and that the admissible inversion descent

des(@,_,)-

equi-distributed with descent number Ibrahim et al. [10] examined a few algebraic theoretic

characteristics of the fuzzy set on Qp and established the outcomes for the algebraic operators of the fuzzy set
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on P, including the bounded sum, bounded difference, algebraic product, and algebraic sum. They also

established a connection on Qp between the operators and the fuzzy set. Partition block coordinate statistics on

1ﬂl—non—deranged permutations were explored by Magami and lIbrahim [11], who found that the left opener

lobTC(,) robTC(w,)

bigger block is equally distributed with the right opener bigger lock

Ibrahim et al. [12] established that the right embracing sum Res(a,) is equivalent to the right embracing sums
(P—-3)(p-1) i_p-1p+l

respectively.

Res(w,) =

Re S(wp“) p-1 and 8 where 2

1<i

IA

2 . It also noted that the
p-1
8

where

Les(a)pj) =
are equal and 2

es(w,) Les(w)

right embracing sum R and the left embracing sum

5}
where P = 5. Ibrahim and Aremu [13] noted that any 7(G(@,.)) in gp has a chromatic number of P -1
1 rl
and any 2(G(@)) has a chromatic number of one. Similar to this, any 2 (G(@.)) in gp has a

-2 G(w)) . G
chromatic index of P , and any X 77"in P has a chromatic value of zero. According to Ibrahim
and Musa [14], Lmap and Lmal are comparable in all Fl— non deranged permutations. The Rmal of @ is
l—J.

empty forany ~P | it was also discovered.

1 I,
In this paper, we show that anti-excedance tops sum for any ' P is equal to the excedance tops sum of

T -1 T
weg! _ .
! P We also show anti-excedance bottoms sum for any ' P is equal to the excedance bottoms
5}

sum of P . The significance of this paper is to find the connections between anti-excedance and

excedance on I -non deranged permutations and others combinatorial properties among them.

2 Preliminaries
In this section, we give some definitions and preliminaries which are useful in our work.

Definition 2.1 [9]

Let I be anon empty set of prime cardinality p=5 suchthat T <N A bijection @ on I of the form

1 2 3 ... p
Cal:[l (1+i)mop (l+2i)mop' o (1+(p_l)i)m0P}

: r : I _
iscalleda ~ !-non deranged permutation. We denoted Qp to be the set of all = 1-non deranged permutations.

gp :{aﬁ’a’z'wa’wmws'a’e}

is the set of all I -non deranged permutations where P

G

By definition 2.1, is generated as follows

116



Ibrahim and Isah; Asian Res. J. Math., vol. 19, no. 10, pp. 114-123, 2023; Article no.ARJOM.103600

123 456 7
6012

123 456 7

12 3 456 7
a):
113572 46

123456 7
W, =

147 36 25

12 3 456 7
), =
*115 26 37 4

12 3 456 7
6052

16 42 75 3

12 3 456 7
6062

1765 432

Definition 2.2 [15]

l—1
The pair gp and the natural permutation composition forms a group which is denoted as ~P .This is a special
permutation group which fixes the first element of L.

Definition 2.3

Exc(z)= {i (i) > i}

The excedance set denoted by
xc(7)=|Exc(z)|

.The number of excedance of a permutation 7 is

Exc(ﬂ)_

e
denoted by that is the cardinality of

(1234567

Example Let 147362 5J'The Exc(n)={],2,6}andthe exc(z)=[{1,2,6}|=3

Definition 2.4

Ax(z)=141:7() <i
The anti-excedance set is the opposite of excedance set is denoted by ( ) { ( ) } .The number of

ax(z)= |AX(7Z')|

. . . - Ax(7z
ant-excedance of a permutation 7 is denoted by that is the cardinality of ( ) .

(1234567

Example Let 147362 5} The AX(;z'):{3,4,5,7} and the

ax(z)=|{3,4,57}|=4
Definition 2.5

T .
reg’ . . . . i i <1 o
Y . anti-excedance in 7 is an integer | with 1< <1 sychthat 3 =" Here & is

called the anti-excedance top and I' is called the anti-excedance bottom.

Given a permutation
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Definition 2.6

The anti-excedance top sum of a permutation 7 is the summation of its anti-excedance tops. It is denoted by
Axtop(r).

Definition 2.7

The anti-excedance bottom sum of a permutation 7 is the summation of its anti-excedance bottom. It is

denoted by Axbot(z).

Definition 2.8

The anti-excedance difference of a permutation 7 is the difference between anti-excedance top sum of a
permutation 7 and  anti-excedance  bottom sum of a  permutation 7 that is
Axdif (z) = Axtop(r) — Axbot ().

3 Results and Discussion
In this section, we discuss the details of the investigations and results obtain.

Proposition 3.1

Iy

Let P bea rl—non deranged permutation group, then the cardinality of the anti-excedance set of all i
- p+1
) rF-

Qp such that =1 is 2

Proof:

rl
By the non derangement property of ~P that the cardinality of the anti-excedance set of
identity, by the definition of anti-excedance is always P since P is the identity in permutation it implies that

D \which is the

T
the cardinality of anti-excedance set of identity is always P .since the cardinality of gp is P -1 and identity
p+1
r, 2 "
permutation of ~P is P then we left with P~ which is 2 this complete the proof.

O

Proposition 3. 2

T, .
Let P bea rl-non deranged permutation group then the anti-excedance number of @ s P where 1—1.

Proof:
rl
By the non derangement property of ~P . None of the element exist in the excedance set of the arbitrary
I T
eG! i o _ _ r . '
@ P where ! =€ and so their exist a set in anti-excedance of ~ !-non deranged permutation of ~P

being the anti-excedance opposite of excedance, the set contain in anti-excedance is P . This completes the
proof. O
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Proposition 3.3

5}
t gp

r . .
be a ~ !-non derangement permutations, then the sum of excedance numbers is

S exc(a) = =2~ (p-1)

i=1
Proof:

l—‘1
The order of P and the number of positions with excedance and anti-excedance are both P _1. We know
rl

the excedance number is less than the anti-excedance number by Lin Qp where ¢ #€

Also the sum of

excedance number of is less than anti-excedance number by 2(p-1) . Since the sum of anti-excedance number
-1
P(P=D

is , then

PR=Y | (p-1y-2(p-1)]

2
er p—1-2p+2
1
PR=D_(p-y)
. O

Proposition 3.4

0
Let Qp be a 1ﬂl—non derangement permutations, then the sum of Anti-excedance numbers is
p-1
> ax@) = 2L (p-1)
i=
Proof:
Iy l
The order of P and the number of positions with excedance and anti-excedance are both P =2 We know the
. . 1: gprl w *+e
ca anti-excedance number is greater than the excedance number by L in where ™ . Also, the sum of
anti-excedance number is greater than sum of excedance number by 2(p-1) . From proposition 3.3 the sum of
p(p-1)
— (p-1)
excedance numbers is , Then

@_(p—l)+[2(p—l)]

w—(p—l)+2p—2
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p(P-D, o,
2 _ m

Proposition 3.5

T
wey! i
Let ! gp Then for any I il.
ax(w, )= ax(a)j)
Proof:
weG' ; @
For any ' P 1=l Onlyl is fixed in ' - Therefore, since p is prime, we have that P —are non-fixed
letters. Since P is prime, then half of the letters 2 will be greater than their images, while half will be
less than their images. Therefore, we have
-1 .
ax(a)i)zp—, =1
2 . O
Proposition 3.6
T
wey'!
Let ' Qp . Then
p+1
axX| w =—
p+1
( zJ 2
Proof:
I
Wy, € g,
For 2 . It can be represented as
1 2 3 4 ... p-1 p
Wpiq = -3 -3 +1
p+l p P P
2 (1(p-——) 2 (p——-D. —
2 2 2 . From this we can observe that

P+l

the permutation has 2 \where the first block has one element while all other blocks have two elements each.

Obviously there will be

ax| @, |=—
("ZJ 2 g

proper block with two elements. Hence

p+l
2
+1
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Proposition 3.7

i p+1
r, =—
Leta)' egp , for 2 Thenthe
p-1
2
Ax(w) = {2k +1}
k=0
Proof:
1 2 3 4 ... p-l p
Letw,_ , = -3 -3 1
p+l P P P+
5 (1) 2 (p-—-D. —
2 2 2 /) From this we can observe
that first block has one element while all other blocks have two elements each. By definition of AX, we can

p-1
2
Ax(w;) = {2k +1}
observed that the position of images is increasing by two Hence k=0
O

Proposition 3.8

T
wey!
Let ! gp . Then the

Axtop(w*) = Etop(a)).
Proof:

eGh

-1 -1
p -The AXtOp(a)| )

is the sum of anti-excedance tops of @ . By the definition of inverse of
-1

a permutation and definition of excedance top, we have that the anti-excedance tops of @ are the same as
Axtop(w,*) = Etop(w,)

. 0}
Given

Q)
excedance tops of ' Hence,

]
Proposition 3.9
I
(S
Let ' gp . Then the
Axbot(w ™) = Ebot(a,).
Proof:
I -1 -1
(S ) .
Given Qp ‘The Axbot(e;”) is the sum of the anti- excedance bottoms of i By the definition of

-1
inverse of a permutation and definition of excedance bottoms , we have that the anti-excedance bottoms of @

o, Axbot(w ) = Ebot(@,).

are the same as the excedance bottoms of . Therefore,

O
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Proposition 3.10

rl
Let @ Egp - Then the
Axdif (a)i’l) = Edif (@,).
Proof:

1y _
By Proposition 3.8 and Proposition 3.9, we have that Axtop(ey, ") = Etop(a,)
Axbot(w ™) = Ebot(a)). Therefore Axdif (') = Axtop(w ) — Axbot (™)

Edif () = Etop(e,) — Ebot(@). 7, . Axdif (") = Edif ().

and

is equal to the

4 Conclusion

. N I :
In this paper, we computed the statistic anti- excedance on = 1-non deranged permutations. We have shown that

—1 T T
. w €. wey?’
the anti-excedance tops sum for any ' gp is equal to the excedance tops sum of Qp and also shown
~1 r, T,
. . w €
that anti-excedance bottoms sum for any ' P is equal to the excedance bottoms sum of g” .
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